Abstract-In this paper we present the leader-follower formation control of nonholonomic mobile robots as a disturbance decoupling problem. By means of purely geometrical conditions we show that the formation control problem is solvable if and only if the velocity vector of the leader can be measured and a scalable solution to the problem is provided. The main idea of the work is that of interpreting leader control input as a disturbance affecting the state of the leader-follower dynamic system. Extensive simulation experiments prove the effectiveness of the proposed approach.
I. INTRODUCTION
A growing interest on coordination and control of multiple autonomous agents matured in the last decade. Their use in several applications such as terrain and utilities inspection, disaster monitoring, search and rescue, structures moving and assembling, space exploration, revealed more and more essential.
For its wide range of applicability, formation control turned out to be one of the most challenging research areas. By formation control we simply mean the problem of controlling the relative position and orientation of the robots in a group while allowing the group to move as a whole. In this field, research dealt with ground vehicles [7] , [17] , [18] , unmanned aerial vehicles (UAVs) [4] , [14] , aircraft [9] , [11] , surface and underwater autonomous vehicles (AUVs) [8] , [10] .
The formation control problem has been tackled using several approaches: behavior based [1] , [15] , virtual structure [16] , leader following [5] , [7] . This paper deals with the leader-follower approach. A robot of the formation, designed as the leader, moves along a predefined trajectory while the other robots, the followers, are to maintain a desired posture (distance and orientation) to the leader. Perhaps the main criticism to the leader-follower approach is that the role of the leader is essential to the formation and this affects the reliability of the paradigm. Nonetheless this approach is particularly appreciated because of its flexibility and modularity, especially when new followers join the formation. Basile and Marro [2] and independently Wonham and Morse [22] , introduced the concept of controlled and conditioned invariant subspaces in the late 1960's, thus inaugurating the geometric approach in linear system theory. Controlled and conditioned invariants are the tools that extend the concept of invariance in linear systems. They make the definition of some system properties (besides controllability and observability) and the solution of some basic problems very straightforward (see [3] for a complete treatment of these topics). The disturbance decoupling problem (DDP) is a basic problem of the geometric approach, and it was studied by Basile and Marro in their seminal papers as one of the earliest applications of the new invariance concepts. The basic idea is to use feedback in order to make some outputs of the system independent of certain inputs. In particular if an additional input (an undesired perturbation) affects the state of the system, we look for a state feedback with the property that, in the corresponding closed loop system, the perturbation has no influence on the output. If a structural condition is verified the problem admits a solution and suitable algorithms allow the construction of the state feedback control law. In particular when the disturbance is measurable we have a milder solvability condition and a feedforward unit can be applied. The concept of controlled invariance was extended to general nonlinear systems by Nijmeijer and Van der Schaft [19] in the eighties. In [13] , [20] the DDP was reformulated and solved in the nonlinear case using the notion of controlled invariant distribution.
In spite of the power and elegance of the geometric approach, only few problems arising from "non-conventional" application areas have been reformulated and solved as DDPs (one exception is represented for example by [21] ). Research indeed has not exhausted yet the potential of the geometric approach for the solution of several interesting control problems.
In this paper we present the leader-follower formation control of nonholonomic mobile robots as a disturbance decoupling problem. To the best of our knowledge this is the first time that a formation control problem is stated in this geometric framework. We show that the formation control problem is solvable if and only if the velocity vector of the leader can be measured. A scalable (with the number of followers) solution to this problem is also provided. The key idea of the paper is to interpret leader control input as a disturbance affecting the state of the leader-follower dynamic system. The paper is organized as follows. In Sect. II we introduce the leader-follower setup and we present the formation control problem. In Sect. III we briefly review the DDP for nonlinear systems affine in the control. In Sect. IV we reformulate the leader-follower formation control problem as a DDP with disturbance measurement and we explicitly derive the state feedback control law. Sect. V is devoted to the simulation experiments. In Sect. VI the major contributions of the paper are summarized and future research lines are highlighted. Notation. The following notation is used through the paper :
II. FORMATION CONTROL Fig. 1 shows the leader-follower setup we consider in the paper. It consists of n + 1 nonholonomic mobile robots: one of the robots is the leader (R L ) while the others are the followers (R Fi , i = 1, 2, . . . , n). The kinematics of the leader and the followers is described by the unicycle model
. . .
where 
Consider the following problem: (3) and (4) are asymptotically satisfied.
III. DISTURBANCE DECOUPLING
For the reader convenience we here report the main results on disturbance decoupling for nonlinear systems affine in the control. A complete review of these topics can be found in [12] and references therein. Consider the following nonlinear system,
where
are smooth vector fields and h 1 (x), . . . , h m (x) smooth functions defined on an open subset X of R s . The additional input σ represents an undesired perturbation that affects the behavior of the system through p(x). The disturbance decoupling problem can be formalized as follows [12] :
Problem 2 (Disturbance decoupling problem): Consider a system of the form (5) 
defined in a neighborhood of x o , with μ external reference input and α(x), β(x) suitable functions, yielding a closedloop system in which the output y is completely independent of, or decoupled from the disturbance σ. Let Δ be the largest locally controlled invariant distribution contained in ker(dh)
In general the calculation of Δ is made possibile by a recursive algorithm. However, in some special cases the computation of Δ turns out to be particularly simple.
Proposition 1: Suppose system (5) has vector relative degree {r 1 , . . . , r m } at a point x o . The largest locally controlled invariant distribution contained in ker(dh), can be expressed, in a neighborhood of x o , as
ker(dL
Note that if system (5) has relative degree at x o , the disturbance decoupling problem amounts to the problem of using feedback in order to constrain the output of the system to be zero for a certain time.
The following proposition [12] , [20] provides a necessary and sufficient condition to locally solve Problem 2.
Proposition 2: Suppose Δ and Δ + G are nonsingular in a neighborhood of x o . The disturbance decoupling problem is solvable if and only if
in a neighborhood of x o . If this is the case then a solution is given by (6) with
Note that if system (5) has an asymptotically stable zero dynamics, the choice
with λ kj positive gains, guarantees asymptotic stability.
Sometimes it is possible to obtain measurements of the disturbance and use them in order to design the control law. If the disturbance σ is available for measurements, control (6) can be replaced by
which, besides to a feedback on x, includes a feedforward on the disturbance σ. Furthermore, decoupling the output from the disturbance is possible under conditions that are obviously weaker than those established in Proposition 2. In fact condition (7) becomes
and the solution of the disturbance decoupling problem with disturbance measurement is given by (10) with α(x) and β(x) defined in (8) and
IV. FORMATION CONTROL AS A DISTURBANCE DECOUPLING PROBLEM By formulating the formation control problem as a disturbance decoupling problem, in the next proposition we prove that it admits a solution if and only if the leader velocity vector can be measured. The analytical solution of the problem is also derived.
Proposition 3: The formation control problem is solvable if and only if the vector (v L ω L )
T can be measured. If this is the case, asymptotic stability is guaranteed by the static state feedback control (10), with
. . . ,
and
. . , λ 2n positive constants.
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Proof: According to system (5), write equations (1) - (2) 
T is now supposed to be an undesired input or disturbance. Assume that the output of system (16) is
(17) Differentiating y, we find that under the hypotheses of definition 1 that guarantee that the decoupling matrix A(x) is nonsingular, in fact det(A(x)) = d 1 cos φ 1 d 2 cos φ 2 · · · d n cos φ n , system (16)- (17) has relative degree {1, 1, . . . , 1} in X . Therefore, according to Proposition 1, Δ can be written as
⊥ is the annihilator of the codistribution span{dh 1 , . . . , dh 2n }. The differentials are and therefore Δ is given by (15) . dim(Δ ) = n + 3 and that Δ and G are nonsingular in X . Note that condition (11) is satisfied but (7) is not. Therefore the problem is solvable if and only if the vector (v L ω L )
T can be measured. Control (10) with α(x) and β(x) given in (8) and γ(x) in (12) is the solution of the formation control problem. Since system (16)- (17) has stable internal dynamics [5] , asymptotic stability is guaranteed by choosing μ according to (9) . Remark 1: Matrices (13) and (14) have a scalable structure. Therefore if a new follower joined the formation it would only need to add two new 2×2 matrices to β(x) and γ(x). Figure 2 shows the results of three simulation experiments we conducted to validate the state feedback controller 
V. SIMULATION RESULTS
TuC08.4 Table I . With these parameters the robots travel in a wedge-like formation at steady state. The initial conditions of the leader and the followers are shown in Table II . We set the gains 
VI. CONCLUSIONS AND FUTURE WORKS
The original contribution of the paper is to present the leader-follower formation control of nonholonomic mobile robots as a disturbance decoupling problem. By means of purely geometrical conditions, we show that the formation control problem is solvable if and only if the velocity vector of the leader can be measured. A scalable solution (with the number of followers) to this problem is also provided. The main idea of the paper is to interpret leader control input as a disturbance affecting the state of the leader-follower dynamic system. Extensive simulation experiments prove the effectiveness of the proposed approach.
Future research lines include the extension of our results to formations with saturations on the control inputs and the study of more general multirobot formations, e.g. hierarchical formations described by rooted tree graphs [6] . TuC08. 4 
